Polymerization, the Problem of Access to the Saddle Point Approximation,
  and Thermodynamics by Morales-Técotl, Hugo A. et al.
ar
X
iv
:1
60
3.
08
07
6v
1 
 [g
r-q
c] 
 26
 M
ar 
20
16
September 26, 2018 23:2 WSPC Proceedings - 9.75in x 6.5in main page 1
1
Polymerization, the Problem of Access to the Saddle Point
Approximation, and Thermodynamics
Hugo A. Morales-Técotl∗, Daniel H. Orozco-Borunda and Saeed Rastgoo†
Departamento de Física, Universidad Autónoma Metropolitana - Iztapalapa
San Rafael Atlixco 186, Mexico D.F. 09340, Mexico
∗E-mail: hugo@xanum.uam.mx
†E-mail: saeed@xanum.uam.mx
The saddle point approximation to the partition functions is an important way of deriving
the thermodynamical properties of black holes. However, there are certain black hole
models and some mathematically analog mechanical models for which this method can
not be applied directly. This is due to the fact that their action evaluated on a classical
solution is not finite and its first variation does not vanish for all consistent boundary
conditions. These problems can be dealt with by adding a counter-term to the classical
action, which is a solution of the corresponding Hamilton-Jacobi equation.
In this work however, we seek an alternative solution to this problem via the polymer
quantization which is motivated by the loop quantum gravity.
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1. Introduction
The thermodynamic of black holes can be studied through the saddle point approx-
imation to the Euclidean path integral of the system, since the latter is interpreted
as the partition function of the black hole in canonical ensemble. However, there are
a class of 2D dilatonic models of black holes for which this approximation method
can not be applied (see Refs. 1, 2, 3, 4, 5, 6) due to the fact that the action, S,
is not functionally differentiable or it is not finite on classical solutions for all the
variations of the fields, compatible with the boundary and fall-off conditions7.
There are also analog mechanical models exhibiting the same technical problems
that can be used as toy models to study this issue in a more simpler way8. The
issue in both class of systems can be resolved by adding a boundary term G to the
action, turning it into an “improved action” Γ = S +G, where G is the Hamilton’s
principal function of the system.
As an alternative method of dealing with this issue, we would like to apply the
polymer quantization (see Ref. 9) to this problem. This method of quantization
uses techniques from loop quantum gravity10–14. The polymer quantization has
been applied to a range of models yielding interesting and in many cases different
results from the standard Schrödinger quantization15–27.
To see the issue in a bit more detail, consider the semiclassical approximation
for a system with the Euclidean path integral
Z =
∫ ∏
j
Dφj exp
(
− 1
~
SE [φj ]
)
, (1)
in which φj are the fields of the theory and SE is its Euclidean action. Assuming
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that it is possible to expand the action around the classical solutions φj
∣∣
cl
as
SE
[
φj |cl + δφj
]
= SE
[
φj |cl
]
+δSE
[
φj |cl + δφj
]
+
1
2
δ2SE
[
φj |cl + δφj
]
+ · · · , (2)
one can then substitute this into (1) and get
Z ≈ exp
(
− 1
~
SE
[
φj |cl
])∫ ∏
j
Dφj exp
(
− 1
2~
δ2SE
[
φj |cl + δφj
])
, (3)
up to the quadratic term. This is the saddle point approximation to the model
which gives us access to the semiclassical information about the system.
More precisely, a saddle point approximation (3) of (1) is possible only if the
following conditions are met:
(1) well-definedness of variational principle: SE must be functionally differentiable
for all the variations of the fields, compatible with the boundary and fall-off
conditions of the fields, so that any boundary term must vanish by virtue of
these conditions and thus we can write δSE =
∫
dnx δSE
δφj
δφj .
(2) Given condition 1, then SE on classical solutions must remain finite.
(3) Given conditions 1 and 2, the Gaussian integral in (3) must remain finite. Also
δ2SE
[
φj |cl + δφj
]
> 0 due to presence of a minus sign in the exponent in (1).
2. Analog Mechanical Model And Its Improved Action
There are several types of simpler analog models that exhibit the aforementioned
ill-defined semiclassical approximation. One such class of models corresponds to
a single particle systems in half binding potentials8. We choose a simple sys-
tem in this class with an inverse square potential with the Euclidean action
SE =
∫
dτ
(
m
2
(
dq
dτ
)2
+ k
q2
)
with τ being the Euclidean time. Since at the bound-
ary τ →∞, we have qcl →∞, this results in SE not being functionally differentiable
or even if so, SE
∣∣
qcl
→∞8.
As mentioned before, one known and common way to solve this problem is to add
a boundary term −G to the action to get an improved action, Γ = SE − G(q, t)|tf0
with G being the Hamilton’s principal function of the system. Then it can be shown
that Γ is functionally differentiable and Γ
∣∣
qcl
<∞8.
3. Polymer Quantization Of The Model
Polymer representation is a singular representation of the Weyl group that is not
unitarily equivalent to the Schrödinger representation. This is because it does not
obey the weak continuity condition in Stone-von Neumann theorem16. In our case,
one can consider two polarizations of this polymer representation in which either q
or p are discrete and the other variable in bounded. In the former case the basic
operators are qˆ and Vˆλ which are represented on the Hilbert space, Hq0 , as
qˆ|qn〉 = qn|qn〉, Vˆλ|qn〉 = |qn − λ〉, (4)
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p can not be represented on Hq0 due to lack of weak continuity and the q space is
discrete with lattice points being qn = q0 + nλ with n ∈ Z for some initial value q0.
In the latter case, the basic operators are
Uˆµ|pn〉 = |pn − µ〉, pˆ|pn〉 = pn|pn〉, (5)
q can not be represented on Hp0 and the p space is discrete with lattice points being
pn = p0 + nµ and n ∈ Z.
3.1. The model with discrete q
In this case the kinetic term of Euclidean Hamiltonian HE =
p2
2m − kq2 can be
represented as p2 → p̂2λ = ~
2
λ2
(
2− Vˆλ − Vˆ−λ
)
(see e.g. Ref. 17). The potential can
be represented using a regularization following Thiemann (Ref. 28),
1√
|q| =
2
iλ
V−λ
{√
|q|, Vλ
}
=
V−λ
iλ
{√
|q|, Vλ
}
+
{√
|q|, Vλ
} V−λ
iλ
, (6)
where we have chosen a specific symmetrization. It is obvious that other types of
orderings are also possible. The full quantum Euclidean Hamiltonian is then
HˆE =
~2
2mλ2
(
2− Vˆλ − Vˆ−λ
)
− k
(
Vˆ−λ
λ
~
[√̂
|q|, Vˆλ
]
+
[√̂
|q|, Vˆλ
]
~
Vˆ−λ
λ
)4
. (7)
Using path integral methods one can derive the effective Hamiltonian (Ref. 29)
Heff =
2~2
mλ2
sin2
(
λp
2~
)
−WT = 2~
2
mλ2
sin2
(
λp
2~
)
− k~
4
λ4
(√
|q − λ| −
√
|q + λ|
)4
.
(8)
It can be seen that the effective potential allows for qcl
∣∣
τ→∞ → ∞ and thus the
boundary term in the action does not vanish and the issues with the saddle point ap-
proximation persist in this polarization. However it can be shown that the counter-
term is modified as Cpoly = C
(0) +
∑
n=1
λ2n
~2n
C(2n). The purely classical term here
with λ = 0 matches the classical Hamilton’s principal function, while there are
also several types of corrections due to polymerization. We conclude that the poly-
merized improved action Γpoly with the above counter-term makes it possible to
proceed with the saddle point approximation if desired, however due to presence of
additional terms proportional to the powers of λ and the modification of the bulk
action due to polymerization, it is reasonable to expect that the thermodynamical
properties of the system will be modified in case of e.g. a black hole.
3.2. The model with discrete p
In this polarization, the kinetic term can simply represented as pˆ
2
2m . The problem
here is how to represent the potential. It is not clear how Thiemann’s regularization
can be used in this case. The reason is that generally this regularization is used to
represent a variable that is discrete and not bounded. To see this, we note that for
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the regularization to be applied, one should find functions F (Uµ) and G(p) such that
classically 1
qn
= {F (Uµ) , G(p)}m, with n,m > 0 so that F (Uµ) and G(p) admit a
simple representation on Hilbert space. Finding such classical functions may not be
very hard, for example we have 2√
µ
{√∣∣− i ln (Uµ) ∣∣, p} = 1√|q| . However the ability
to represent such functions on the Hilbert space is the hard part. Nevertheless, we
propose a scheme for the effective potential based on the observation that q2 in this
polarization is replaced by the operator q̂2µ =
~
2
µ2
(
2− Uˆµ − Uˆ−µ
)
whose action on
a |q〉 basis is q̂2µ|q〉 = 4~
2
µ2
sin2
(
µq
2~
) |q〉. Based on this, our proposed replacement of
the inverse square operator is 1̂
q2µ
|q〉 = µ24~2 csc2
(
µq
2~
) |q〉 and using this and the path
integral methods, the effective potential becomes
Wh =
µ2k
4~2
csc2
(µq
2~
)
. (9)
This also leads to modifications to the thermodynamics of the system due to the
modification of the bulk action by polymerization as well as absence of any counter-
term. This is particularly interesting if the system under study is a black hole.
4. Discussion
In this work we have studied the issue of ill-defined saddle point approximation that
occurs for some systems including dilatonic black holes and some mathematically
analog mechanical models. This problem arises due to the fact that the action is
not functionally differentiable or diverges on classical solutions. This issue is rather
important since one of the main methods of deriving thermodynamical properties of
such models is through the saddle point approximation to the path integral that also
can be interpreted as the partition function of the system. The common solution to
this problem is to add a boundary counter-term to the action, which is a solution to
the corresponding Hamilton-Jacobi equation. A very interesting observation is that
with this term one gets the correct thermodynamics for certain black hole systems.
Here we seek an alternative method to attack this issue through polymer quan-
tization and by analyzing an analog model exhibiting similar technical issues. The
effects of polymerization may lead to two outcomes: either we will not need to add
any boundary term to the action due to polymer effects, or we still need to add
such a term, but it is modified by polymer effects. In both cases, it is likely that
the process of polymer quantization will change the thermodynamics.
We first show how this system is modified under different polarizations of poly-
mer quantization. It turns out that in the polarization where q is discrete, we still
need to add the boundary term to the action, but the advantage is that the po-
tential can be rather easily represented on a Hilbert space using the Thiemann’s
regularization28. This is the case in which the Hamilton-Jacobi boundary term
is modified by polymerization. We then proceed to compute the effective action
and thus derive the effective Hamiltonian using path integral formulation and then
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derive the associated boundary term and show that the classical terms of the poly-
merized case match exactly the non-polymerized case while there are corrections
to this counter-term that come from the polymer quantization. This supports our
claim that polymer quantization will change the thermodynamics of the system due
to the polymer modifications of the bulk action and the boundary term.
On the other hand, in the polarization where p is discrete, we argue that in
general there should be no need to add a counter-term to the action since the
variable q is bounded due to polymer effects and thus the action remains functionally
differentiable and finite in accordance with all the allowed variations. However,
since the representation of the potential in this case cannot be pursued directly, we
propose an effective form that replaces the classical potentialW = 1/q2 based on the
form of the polymer operator q̂2µ. Using this, we show that the issues are resolved
and the effects of polymer quantization, render the system well-defined for saddle
point approximation.
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